Abstract-Miniature Unmanned Aerial Vehicles (UAVs) with ability to vertically take off and land (as in quadrotors) exhibit advantages and features in maneuverability that have recently gained strong interest in the research community. Reliability of control systems require robustness and fault tolerance capabilities in presence of anomalies and unexpected failures in actuators, sensors or subsystems. Development of an autonomous fault diagnosis and recovery system that can cope with these faults has attracted a lot of interest in the past several years. Particularly, for small aerial vehicles due to hardware redundancy limitations design of a reliable control system plays an important role in ensuring acceptable and efficient performance.
I. INTRODUCTION
Unmanned Aerial Vehicles, or UAVs are becoming widely used as valuable tools in today's society. As their application both in the military and in the industrial sector increases, potential miniature UAVs have steadily gained interest in the research community. UAVs have several basic advantages over manned systems including increased manoeuvrability, low cost, reduced radar signatures and less risk to crews. Vertical take off and landing type UAVs exhibit further advantages in manoeuvrability features. Such vehicles are to require little human intervention from the take-off to the landing [1] . Quadrotors have become an exciting new area of unmanned aerial vehicle research in the past few years. It is an aircraft that is lifted and propelled by four rotors in a cross configuration and its basic motions are generated by varying the speeds of all the four rotors. The quadrotor rotorcraft is not a new configuration. It already existed in 1920's [2] . The uniqueness of this type of UAV is in its vertical landing/takeoff capability, hovering ability, great maneuverability and being simple to manufacture.
The quadrotor is a 6 Degree of Freedom (DOF) device with only four actuators, which make it an under-actuated vehicle with unstable dynamics and highly coupled states.
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In order to develop a reliable control to guarantee a stable autonomous flight, development of simple and robust control laws stabilizing the quadrotor has become an important area of investigation.
Enhanced reliability and safety of complex and autonomous systems due to occurrence of actuator faults are expected to be achieved by incorporating Fault Diagnosis, Isolation and Recovery (FDIR) mechanisms in the design of the control system. The FDIR module is in charge of detecting, identifying, isolating and generating a recovery procedure to allow acceptable performance of the system when it is subject to a fault. The main objective of this module is to enhance the reliability, performance and survivability of the system.
In general, methods for implementing fault detection and isolation are classified into two categories, namely processhistory based methods and process-model based methods. The first approach depends on the knowledge collected from past experiences and availability of a large amount of historical data, while the latter relies on interactions between various dynamical system components and variables and a priori knowledge about the process.
The goal of the fault recovery mechanism is to select an optimal possible configuration of the non-faulty actuators, sensors, and components in the system where a fault has occurred and diagnosed, to maintain the quality of the system performance despite the presence of faults.
Over the past decade various approaches for fault recovery have been proposed in the literature. One of the existing active approaches for the fault recovery problem is through adaptive control methods. The following methods fall under this fault recovery category:
• Model Reference Adaptive Control (MRAC) or Model Following method [3] , [4] , and • Adaptive feedback linearization [5] , [6] . A number of researchers have also developed various control methods to stabilize a quadrotor. The work done in [7] and [8] have used optimal Linear Quadratic Regulator (LQR) for the controller design. Lyapunov theory is also used as another design technique [9] and [10] . According to this method, it is possible to ensure, under certain conditions, the asymptotic stability of the aerial vehicle. Backstepping and sliding mode control have also been used in [11] , [12] and [13] . In these works the convergence of the quadrotor internal states is guaranteed, however, the computations required are relatively excessive.
A feedback linearization method was first used in [14] to make the quadrotor track a reference trajectory. They developed a nonlinear state space dynamic model and used an exact global feedback linearization and non-interacting control law for controlling the translational motion and yaw angle outputs.
The method developed in [14] was also used in [15] . In their work a PD controller was designed to control the y-axis and the yaw angle, and a feedback linearization controller was implemented to control the x-axis and the z-axis states (translational motions). In [16] , a feedback linearization scheme with a high-order sliding mode observer was developed for a quadrotor and in simulations it was shown to be quite robust against wind disturbances and noise. In [11] , feedback linearization and adaptive sliding mode control schemes for a quadrotor are also developed and their capabilities are compared. Given that the quadrotor is an under-actuated system, the possible set of available solutions for control and fault recovery is rather limited. As shown subsequently, an adaptive feedback linearization strategy is employed for the purpose of fault recovery that will yield an acceptable behavior and performance in presence of certain types of faults in the vehicle actuators.
II. THE QUADROTOR MODEL
The quadrotor simply consists of four dc motors on which propellers are mounted in a cross configuration. Each propeller is connected to the motor through the reduction gears. All the propellers axes of rotation are fixed and parallel. The front and the rear propellers rotate counter-clockwise, while the left and the right ones turn clockwise. This configuration of opposite pair directions removes the need for a tail rotor (needed instead in the standard helicopter structure).
In Figure 1 the schematic of a simplified quadrotor structure is shown where Ω i (rads −1 ) refers to the propellers rotation speed. While at hovering, all the four propellers rotate at the same speed which implies that Ω i = Ω H for i = 1, 2, 3, 4 to counterbalance the acceleration due to gravity. Although the quadrotor has 6 DOF, it is just equipped with four propellers, hence it is not possible to reach a desired set point for all the DOF and the system is under-actuated. However, by selecting four controllable variables properly, it is possible to design a controller that will ensure the vehicle could reach a desired height and attitude. Below, we separately present the dynamical models corresponding to the vehicle and the actuators. (1) where x y z T represents the position of the quadrotor in the inertial frame, the attitude state variables in the body frame φ θ ψ T represents the roll, the pitch and the yaw angles, respectively, m (Kg) is the overall mass, g refers to the acceleration due to gravity, I xx , I yy and I zz (N ms 2 ) are the inertia moments in the body fixed frame and J t p (N ms 2 ) is the total rotational moment of inertia around the propeller axis. Furthermore, U 1 denotes the normalized total lift force, and U 2 , U 3 and U 4 correspond to the control inputs of the roll, the pitch and the yaw moments, respectively, and Ω T refers to the overall residual propeller angular speed. These input moments are defined according to the equations
where
T is the movement vector
where l(m) is the distance between the center of the quadrotor and the center of a propeller, b and d denote the thrust and the drag coefficients, respectively, and T i is the thrust force generated by each rotor and is proportional to the square of each propellers's speed, that is we have
2) Actuator Model: The rotors are driven by DC motors. The model consists of three elements in series for the stator, that is, the motor resistance R mot , the motor inductance L, and the back-EMF voltage which is given by e = k e ω m . Applying the Kirchhoff's current law to the DC motor circuit results in
where u (V ) is the input voltage to the motor, k e (V srad −1 ) is the back-EMF constant, and ω m (rad s −1 ) is the motor angular speed. The dynamics of the motor is described by the following representation
where J tm (N ms 2 ) is the total motor moment of inertia, ω m (rad s −2 ) is the motor angular acceleration, M t (N m) is the motor torque, and M l (N m) is the load torque. Since the motor is small and assuming a low inductance, the rotor dynamics can be approximated by:
The actual motor system is composed of the motor itself, the gear box and the propeller. Considering the propeller and the gearbox, the load torque experienced by the motor is given by the equation
where d(Nms 2 ) denotes the aerodynamic drag factor and r and η refer to the gearbox reduction ratio and efficiency factor, respectively. The total inertia seen by the motor can also be described as
where J m (N ms 2 ) is the rotor moment of inertia about the motor axis and J p (N ms 2 ) is the rotor moment of inertia about the propeller axis. Equation (7) can be rewritten according to (8) and (9) as follows
Equation (10) is formulated with respect to the motor axis. It is possible to reformulate this equation from the propeller axis as shown below
From equation (11), the total rotational inertia around the propeller axis J t p (N ms 2 ) can be defined as (11) can be rewritten as:
The dynamic equation of the propeller angular speed Ω i (rad s −1 ) is defined according to equation (12) . On the other hand, the input moments to the quadrotor defined in equation (2a) are related to the propeller's speed. Hence, it is possible to derive input moment dynamic equations and complete the quadrotor model by considering the effects of the motor on the dynamics of the entire system. From equations (4) and (12) the input voltage to the propeller i, u i , and to the thrust T i dynamic equation could be obtained as follows:
Since the model (13) is nonlinear, a suitable approach would be to linearize this dynamics around an operating point, T 0 . The first order Taylor series approximation yields the linearized model as given bẏ
In the above equation, the parameters A t , B t and C t are the linearized coefficients and are defined as follows:
The set point corresponding to the linearizing condition could be calculated from the fact that at hovering the total thrust should be equal to the gravitational force effective on the quadrotor. In other words, we have
Using the linearized dynamic equation for the thrust T i developed in (14) , it is possible to find the dynamic equations from the input voltage to the propellers to the movement moments. For this purpose it is useful to write the dynamic equation in (14) in a matrix form for the thrust vector
where A T = A t I (4×4) and B T = B t I (4×4) are constant matrices and C T = C t 1 1 1 1 T . The notation I (4×4) refers to a 4 × 4 identity matrix and u = u 1 u 2 u 3 u 4 T is defined as the vector of the input voltages to the propellers. By left-multiplying the transfer matrix given by equation (3) between U and T , that is L UT , with (17) the following equation is obtained
It should be noted that:
, it is possible to rewrite equation (18) aṡ
Since the quadrotor motion can be assumed close to the hovering condition, small angular changes occur (especially for the roll and the pitch angles). Since the rates of change in θ and φ are small, the terms due to the gyroscopic effects appearing in the dynamic equations ofφ andθ in (1) are also negligible. These assumptions are also verified through simulation results. Moreover, since the structure of the quadrotor is symmetric, the body moments of inertia I xx and I yy are equal. This fact will also simplify the dynamic equation ofψ in (1) . If the altitude z reaches a desired setpoint given by z d , thenz −→ 0.
As stated earlier, in the hovering condition the total thrust should be equal to the gravitational force effective on the quadrotor, in other words:
Therefore, ifz −→ 0 and φ and θ are sufficiently close to zero, then U 1 −→ mg. By assuming U 1 −→ mg and ψ −→ 0, it is possible to simplify the dynamic equations of the x and y states that are defined in (1) . Considering all the above assumptions, the dynamic equations of the quadrotor system including the dynamic equations for the movement vector is specified according to the following model, that is
The control algorithm that is to be designed should provide the appropriate signals to the actuators. Since there are only four propellers, no more than four variables can be controlled in the loop. It is possible to define the position of the quadrotor in space completely by the linear position Γ E = x y z T and the yaw angle (heading angle) ψ.
These four variables are indeed selected for control purposes in this work. It can be seen that the system is partitioned into four semi-decoupled subsystems as the outputs z, y, x and ψ can be controlled by U 1 , U 2 , U 3 and U 4 , respectively.
III. LOSS OF EFFECTIVENESS (LOE) FAULT MODELING
In case of a loss of effectiveness (LOE) fault in an actuator, the output speed of the quadrotor becomes different from the commanded output desired by the controller, that is
where Ω i refers to the actual output from the i th actuator and Ω ci is the commanded output by the controller. Therefore, the resulting thrust force from this actuator varies according to the following equation
The dynamics of T i defined in equation (14) would also change due to the LOE fault, that isṪ
or in other words,
where A ti = k 2 i A t and B ti = k 2 i B t . It should be noted that we have assumed that the only coefficients subject to change due to a fault are the A ti and B ti and the coefficient C t would stay unaffected. The term C t is proportional to the drag and proportional to the inverse square of the thrust factor, which makes it a relatively small constant value. Equation (25) can now be represented in a matrix form, that isṪ
Now if the thrust dynamics for all the actuators are not identical, the dynamic equations of the movement vector U change since A T = A t I and B T = B t I. Therefore, it is necessary to derive the dynamic equations of the movement vector while the actuators do not have the same characteristics, in other words when A ti = A t j and B ti = B t j for i, j = 1,...,4, i = j.
The relationship between the movement vector U and T was defined in equation (2a). By left-multiplying equation (26) with L UT , we would obtain
From equation (2a), equation (28) can be rewritten as followṡ 
IV. ADAPTIVE FEEDBACK LINEARIZATION RECOVERY CONTROL STRATEGY
At the end of Section III, the dynamic equations of the movement vector were derived in equation (29) . In this equation the contribution of each actuator to the resulting movement vector is specified. As discussed earlier, in case of a LOE fault the parameters of the actuators also change. A parameter estimation algorithm is now presented in this section to provide an estimate of the faulty actuator severity and to develop a nonlinear adaptive controller to guarantee stability and recovery of the closed-loop system.
The recovery controller is designed by considering the dynamic equation of the movement vector that is obtained in equation (29) . The following equations are derived for designing the feedback linearization controller for the (z,U 1 ), (y,U 2 ), (x,U 3 ) and (φ ,U 4 ) subsystems, such that the input appears in the output derivatives equation, namely
It should be noted that the relative degree of the system is equal to the order of the system and no internal dynamics exists in designing the feedback linearization controller. Without loss of generality, let us assume that the LOE fault has occurred in the first actuator and the other three actuators are healthy, that is
The dynamics of the movement vector as defined in (29) can be written as
The above dynamic equation is now substituted in equations (30) to (33) which can be rewritten in a compact matrix form. Note that we are seeking a form to separate the terms that are related to the unknown variables A t1 and B t1 . This is achieved in the following equation as shown below ⎡
where 
The input signal u is defined as
whereÂ t1 andB t1 are the estimates of the unknown parameters A t1 and B t1 and the new control input vector W = w 1 w 2 w 3 w 4 T is to be selected so that the stability and control (LQR) of the feedback linearized system is achieved. By applying the control law as defined in (38) to the system (36), the closed-loop dynamics can be written as
Let us define the parameter estimation error δ as the difference between the actual value of the unknown parameter and its estimate, i.e. δ A t1 = A t1 −Â t1 and δ B t1 = B t1 −B t1 . Therefore, equation (39) can be rewritten as 
Hence, the linearized dynamics of system (40) can be rewritten as ⎡
The control inputs w 1 , w 2 , w 3 and w 4 are defined according to the following equations
In 
T are obtained from the LQR design procedure.
From the equations (42) and (43a) to (43d), it is possible to write the dynamic equations of the error signals e z , e y , e x and e ψ as follows (5) y + k 1y e (4) y + k 2y e (3) y + k 3yëy + k 4yėy + k 5y e y e (5) x + k 1x e (4) x + k 2x e (3)
It is possible to represent the above equation in the statespace form. The selected state variables for this purpose is as follows X = e y e xėyėx e zëyëx e ψėz e 
Therefore, one could specify the state-space representation of the system according tȯ
(47a)
All the eigenvalues of the A matrix are negative by proper selection of the k i parameters. In other words, A is a Hurwitz matrix. Now, let us define the update law for the parameter estimation errors δ A t1 and δ B t1 according to the following rules:
where X is the state vector defined in equation (45), and P is a (16 × 16) matrix that is obtained by solving the following Lyapunov equation, that is
where the A matrix is defined according to system (46) and the notation I 16×16 denotes a 16 × 16 identity matrix. It should be noted that since A is a Hurwitz matrix, P is a positive definite matrix [18] .
The following theorem provides a sufficient condition for stability of the resulting closed-loop recovered system. Theorem 1: The state trajectories of the closed-loop system (46) that is subjected to the LOE fault in the first actuator and which has employed the update law for the parameter estimation errors δ A t1 and δ B t1 given by equation (48) are globally stable in the sense of Lyapunov. Proof: To carry out the stability analysis, let us choose the following radially unbounded Lyapunov function candidate
The derivative of this function along the state trajectories of the closed-loop system (46) yieldṡ
Now, by using (48) the above expression simplifies tȯ
It can be concluded from (49) thaṫ
which guarantees the negative semi-definiteness of the functionV . This implies that the origin is a globally stable equilibrium point of system (46) given that the Lyapunov function is radially unbounded. Remark: Provided that the external desired reference trajectories are persistently exciting, one can then ensure that A t1 → A t1 andB t1 → B t1 , implying that the fault recovery system can independently be used to isolate and identify the severity of the injected fault.
In this section, we have studied the case of a LOE fault recovery by assuming that the fault has occurred in the first actuator. The same method could be applied to design three other controllers that accommodate the LOE fault in the other three actuators. In other words, the fault recovery module contains four different controllers and based upon the information that one can receive from the fault detection and isolation unit the proper controller can then be selected and invoked. In each of these controllers, two parameters, namely, A ti and B ti that are related to the faulty i th actuator are assumed to be unknown and the parameters related to the healthy actuators are assumed to be all known. It is clear that similar approach can be employed to design a controller for the healthy system where all the parameters are considered to be known. 
V. SIMULATION RESULTS
In this section, the behavior of the quadrotor system that is embedded with the fault recovery mechanism is studied through simulation results. The quadrotor model that is used for simulation is the OS4 that is developed in Ecole Polythechnique Federal De Lausanne [17] . The mathematical model that is used for control design is partially nonlinear (the actuator dynamics is linearized for control design), however, we have applied the controller to the fully nonlinear model of the quadrotor and have considered the full actuator dynamics. In simulations additive white Gaussian noise is also added to the input and output channels to simulate a more realistic environment. The noise power is selected so that the signal to noise ratio is approximately 15 db.
The commanded trajectory starts at the position (x, y, z) = (0, 0, 0) while the roll, the pitch and the yaw angles are initially set to zero. The commanded trajectory is to fly from the initial point to the final point (5, 5, 5)(m) in 10 seconds and hovering at the final point. The fault trajectory considered here assumes a 25% partial LOE failure in the first actuator at t = 20 sec. We are assuming that a fault detection and isolation mechanism exists to alarm the occurrence of the fault in the faulty actuator without much delay and the fault recovery mechanism is initiated after the detection and isolation of the fault. The performance response of our proposed fault recovery scheme is also evaluated in case of a delayed fault detection and isolation by initiating the recovery procedure 8 seconds after the fault occurrence. Figures 2 and 3 show the linear position and the Euler angles of the system, respectively, in response to the commanded trajectory for the healthy system as well as the faulty and the recovered scenarios by using our proposed fault recovery algorithm with and without the delayed fault detection and isolation information. Figure 4 depicts the estimated parameters of the faulty actuator corresponding to this case. Table I shows the means and the standard deviations of the steady state tracking error signals for x, y, z and ψ under four different scenarios where the system is operating, namely, (I) healthy condition, (II) with a faulty actuator and no fault recovery solution invoked, (III) with a fault recovery mechanism invoked, and (IV) with a delayed fault recovery mechanism invoked. It can be seen from Figures 2 and 3 and Table I that our proposed fault recovery mechanism has a considerable effect on the performance of the system in presence of a 25% LOE fault by reducing the steady state error between the desired and the actual outputs. It should be noted that as intuitively expected, the sooner the fault recovery is initiated, the improved performance and smaller error signals are obtained. Next, the performance of the quadrotor system is evaluated in case of a more severe LOE fault. Specifically, we consider a 50% LOE fault in the first actuator in a mission similar to the previous case. Table II shows the means and the standard deviations of the steady state tracking error signals for x, y, z and ψ under four different scenarios where the system is operating, namely, (I) 50% LOE in the first actuator and without fault recovery solution invoked, (II) with an immediate fault recovery mechanism invoked, (III) with a 5 second delay in initiating the fault recovery, and (IV) with a 10 second delay in initiating the fault recovey. As expected, the fault recovery mechanism performance is considerably better when there is smaller delay in the detection and isolation of the fault. Estimated actuator parameters in response to the commanded trajectory corresponding to a 25% LOE fault in the first actuator with the fault recovery mechanism: (a) A t1 and (b) B t1 .
VI. CONCLUSION
In this paper, a fault recovery mechanism is proposed for reconfiguring the control system from LOE faults in the quadrotor's actuators. An adaptive feedback linearization technique is employed for the controller design and global stability of the system with the fault recovery mechanism is shown. This is accomplished by introducing a parameter estimation algorithm and by deriving proper update laws for the faulty actuator parameters subject to changes in the quadrotor actuators due to the presence of the LOE fault. Simulation results are also presented to evaluate the performance of the proposed fault recovery mechanism in presence of an LOE fault in one of the actuators. It is observed that by employing the fault recovery algorithm the steady state tracking errors of the system outputs reduce considerably when compared to the responses obtained from the faulty system that has not employed our proposed fault recovery strategy.
